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Abstract
We study properties of boson stars consisting of ultra-light scalar dark matter with repulsive
self-interactions. We investigate the origin of the maximum mass of spherically symmetric stable
stars which emerges only when solving the full equations of motion in curved space-time, but not
when solving the approximated Schro¨dinger-Newton equations. When the repulsion is weak, the
backreaction of the curvature on the scalars acts as an additional source of attraction and can
overcome the repulsion, resulting in a maximum star mass and compactness. We also point out
that the potential in a UV completed particle physics model of light scalar dark matter is generally
more complicated than the widely used φ4 interaction. Additional interactions beyond φ4 in the
potential can dramatically change the properties of boson stars as well as modify the prospect of
LIGO gravitational wave detection for binary mergers of boson stars.
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I. INTRODUCTION
The detection of gravitational waves (GW) from black hole (BH) mergers [1, 2] and
neutron star (NS) merger [3] indicates the advent of an era of GW astronomy. A natural
question one can ask is whether and how this GW probe is sensitive to new physics beyond
the Standard Model (SM). As the merger events detected are astrophysical, the signal is of
a classical nature and seems not directly sensitive to sub-atomic quantum physics. Yet if
the microphysics beyond the SM leads to interesting predictions on macroscopic scales, i.e.,
of the size of BH and NS, GW probes may be relevant.
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Among many different proposals to use GW to probe new physics (e.g., [4–18]), we
focus on the scenario with a very light scalar as a dark matter candidate. It has long been
conjectured that very light scalars with long de Broglie wavelength and suppressed couplings
to the SM may form Bose-Einstein condensates (BEC), which can lead to macroscopically
sized clumps called boson stars [19]. As every scalar particle is in its ground state, the star
can be described effectively by a single wave function. Therefore, the boson star properties
can be inferred from the underlying microscopic physics, which makes it a good candidate
to bridge the gap between microscopic physics and the GW signal. In particular, we will
consider mergers of two boson stars, being agnostic of their formation history.
The scalar bosons that may give rise to boson stars fall into two main categories, depend-
ing on the sign of the bosons’ leading self-interactions in the non-relativistic (NR) limit. If
the coefficient of the leading interaction term in the potential is negative, the scalar bosons
have attractive self-interactions; otherwise, they interact repulsively. A classic example of
bosons with attractive self-interactions is the QCD axion [20–27]. It has been demonstrated
recently that the only cosmologically stable QCD axion star is a dilute star [28–31], which
results from a balance between gravity and repulsive kinetic pressure. For the most quoted
benchmark with axion decay constant at 6 × 1011 GeV and axion mass at 10−5 eV, the
maximally dense stable axion star mass is ∼ 10−11M, far below the sensitivity of GW
detectors - even if two such objects would merge. On the other hand, light scalars with re-
pulsive self-interactions can potentially form much heavier stars since their self-interactions
provide an additional source to balance against gravity, which tends to shrink and collapse
the star. In this note, we will focus on the dark stars formed of light scalars with repulsive
self-interactions and their possible GW signals.1
The spherically symmetric boson star solution with repulsive self-interaction has been
found more than 30 years ago in [40]. There have been intensive studies on boson stars.
A nice and highly cited review on this topic can be found in [41]. An early review can be
found in [42]. After LIGO, possible observable GW signals based on this classic solution
have been studied in several papers, e.g. [4, 43–46]. We will revisit the computations and
make two new observations, which are summarized below:
• We explain, from the force balancing point of view, why there is no stable boson
1 It has been suggested (e.g., [32, 33]) that repulsive interaction may help alleviate core-cusp problem [34–
38]. Yet [39] argues that light scalar dark matter, whatever their self-interactions are, cannot address the
problem in general.
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star solution beyond a certain compactness in the phenomenological scalar model
with a repulsive |φ|4 interaction, as first observed in [40]. Working in the NR and
flat space limits and solving the Schro¨dinger-Newton equations of motion, one would
find that a repulsive |φ|4 interaction leads to an indefinite growth of the boson star,
as demonstrated in [29, 47, 48]. Yet if one makes no approximation and solves the
Einstein-Klein-Gordon equations as in [40] and more recently in [49], there is no stable
solution beyond a certain compactness. We find that the instability of such a system
at large compactness may be due to an additional source of attraction from the back-
reaction of the space-time curvature on the boson stars, which grows as N2 (the same
proportionality as the repulsion and gravity) with N being the particle number of
the star. This is quite different from the QCD axion star case with attractive self-
interaction, where the maximum mass is achieved at the point where self-interaction
becomes important. Alternatively, the dynamics of such a system can be studied
and the maximal mass can be understood using continuity and hydrodynamic Euler
equations as demonstrated in [49].
Yet on the other hand, numerical computations in [40] were carried out for relatively
weak repulsion: identifying the light scalar dark matter as a pseudo-Nambu-Goldstone
boson (pNGB), the corresponding decay constant is then & 1016 GeV (the larger the
decay constant is, the smaller the repulsion is). It is currently not understood what
happens when we increase the repulsion or equivalently lower the decay constant to
be below . 1016 GeV.
• We point out that taking the underlying particle physics explanation for a light scalar
into account, the boson stars’ properties can be dramatically different from those
derived in [40]. In [40], the scalar potential is approximated by a single |φ|4 interaction.
Yet if one tries to explain the lightness of the scalar in a more complete particle
physics model, for example, by identifying the light scalar as a pNGB so that its
mass is protected by an approximate shift symmetry, one always finds that the scalar
potential is significantly more complicated with a series of higher-order terms [50].
These higher-order terms can become as important as the leading quartic interaction
in a more heavy and dense star, modifying the prediction of maximum mass and
compactness. They will also change the prospect of GW detection for merging of two
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boson stars, if the boson stars can be formed and are stable on cosmological time scale.
The rest of this article is organized as follows. In Section II, we introduce the effective
Lagrangian of light scalar dark matter models and discuss the solutions and their stability
properties in Schro¨dinger-Newton picture, both numerically and analytically. We also re-
view some basic estimates of gravitational waves from a general binary merger system. In
Section III, we solve the full general relativity (GR) system with a repulsive λ|φ|4 inter-
action, again both numerically and analytically. We use a set of ansatz to show that the
maximal star mass and compactness in the repulsive theory originates from balance between
the back-reaction of the space-time curvature and repulsion. In Section IV, we introduce a
natural light scalar dark matter model with repulsive self-interactions beyond the |φ|4. We
find the star solutions and compute the corresponding maximum mass and compactness to
demonstrate that they are dramatically different from those from a simple |φ|4 interaction.
We also present the parameter space which leads to detectable mergers of boson stars by
LIGO. We conclude and discuss possible future directions in Section V.
II. BASICS OF LIGHT SCALAR DARK MATTER, DARK STARS, AND GRAV-
ITATIONAL WAVES
A. Effective Lagrangian of pNGB
Let us start with an effective Lagrangian of a light complex scalar, φ, with interaction
up to |φ|4.
L = 1
2
|∂µφ|2 − 1
2
m2|φ|2 − λ
4
m2
f 2
|φ|4 + · · · , (1)
where λ is a dimensionless quantity (with natural values of order one) and f is of mass
dimension one. The dots represent high dimension operators, suppressed by more powers of
f . This parametrization is motivated by identifying the scalar dark matter as a pNGB so
that its lightness is protected by an approximate shift symmetry. Then f is usually referred
to as the decay constant and is the symmetry breaking scale. In general, a pNGB can be
real or complex, depending on the symmetry breaking pattern.2 We want to emphasize that
whether the pNGB is real or complex, the form of the effective Lagrangian with m2 being
2 If the pNGB is a real scalar, there could be additional terms in the Lagrangian such as m2φ3/f .
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the symmetry breaking spurion and appearing in front of the interaction terms stay the
same.
In the NR limit, to leading order in p′/m, we can write a positive energy eigenstate in
position space as
φ(xµ) =
1√
m
ψ(x, t)e−imt, (2)
where the complex field ψ(x, t) is of mass dimension 3/2, and the time scale of its variation
is  1/m. The time dependence of the oscillation modes is dominantly controlled by the
e−imt term. Plugging Eq. (2) into Eq. (1) and discarding fast oscillating terms with phase
∝ mt (in the NR limit, these terms average to be zero over the physical time scale, which is
 1/m), we obtain the leading NR Lagrangian of the theory as follows:
L ≈ i
2
(ψ˙ψ∗ − ψ˙∗ψ)− 1
2m
|∇ψ|2 − λ
4f 2
|ψ|4, (3)
where the dot means a derivative with respect to time and we ignore |ψ˙|2 and higher order
terms. Without gravity, the equation of motion (EOM) is then given by
iψ˙ = − 1
2m
∇2ψ + λ
2f 2
|ψ|2ψ, (4)
In the spherically symmetric case, the ground state wave function ψ(r) decreases mono-
tonically, i.e., ∂|ψ|/∂r < 0. In the classical limit, the force between the scalars is given
by Fr = −∂V/∂r ∝ −(∂|ψ|/∂r)λ. Therefore, we refer to λ > 0(< 0) as the repulsive
(attractive) interaction, respectively.
B. Dark Star Solutions in Flat Space-Time
In this section, we briefly review the solutions of dark star in the NR and flat space limits.
We also examine the stability of the solutions. Some discussions follow Refs. [29] closely,
yet with a different focus. In the NR and flat space limits, the EOM for the scalar field,
ψ, defined in Eq. 4, at the leading order, is the Schro¨dinger-Newton (or also known as the
Schro¨dinger-Poisson) equation,
iψ˙ = − 1
2m
∇2ψ + λ
2f 2
|ψ|2ψ −GNm2ψ
∫
d3x′
ψ∗(x′)ψ(x′)
|x− x′| , (5)
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where gravity is taken into account in the last term. The energy of such a system can be
broken into kinetic, self-interaction, and gravitational energies,
H = Hkin +Hint +Hgrav, (6)
where
Hkin =
1
2m
∫
d3x ∇ψ∗(x)∇ψ(x),
Hint =
λ
4f 2
∫
d3x |ψ(x)|4,
Hgrav = −GNm
2
2
∫
d3x ψ(x)ψ∗(x)
∫
d3x′
ψ∗(x′)ψ(x′)
|x− x′| . (7)
For a spherically symmetric dark star solution, it is convenient to define the n% mass radius,
denoted as Rn, which is the radius that encloses n% of the total star mass. We choose R90
to be the characteristic radius of such systems. A boson star solution satisfies ∂H/∂R90 = 0.
The solution is stable (unstable) if ∂2H/∂R290 > 0(< 0). Note that the stability and even
the existence of a boson star solution is not guaranteed by any fundamental symmetry, but
results from competition between different forces, i.e., the kinetic pressure due to uncertainty
principle and gravity. We will elaborate more on this below.
We seek stationary solutions using the single harmonic ansatz
ψ(x, t) = e−iµtψ(x), (8)
and introduce the following dimensionless variables, which are denoted with a tilde on top
x =
x˜√
GNfm
, N = N˜
f√
GNm2
, ψ = ψ˜
√
GNmf
2,
µ = µ˜ GNf
2m, H = H˜
√
GNf
3
m
, φN = φ˜N GNf
2,
(9)
where N = 4pi
∫
drr2ψ(r)2 is the total number of scalars in the star, and φN is the Newtonian
gravitational potential. In this notation, the compactness of the star is expressed as
C =
GNmN
R
=
N˜
R˜
GNf
2, (10)
The Schro¨dinger-Newton equation then can be rewritten in terms of these dimensionless
quantities as
µ˜ψ˜ = −1
2
∇˜2ψ˜ + λ
2
|ψ˜|2ψ˜ + ψ˜φ˜N ,
7
∇˜2φ˜N = 4pi|ψ˜|2. (11)
We solve the equations for both attractive (λ < 0) and repulsive (λ > 0) self-interactions
and present the solutions we find in the rescaled (N˜ , R˜90) plane in Fig. 1.
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90
FIG. 1: Numerical solutions of boson stars (each individual solution we find is represented
by a dot) from the Schro¨dinger-Newton equation for attractive (orange) and repulsive
(blue) interactions. We fix the parameters to be the same except for the sign of the quartic
interaction. The dimensionless particle numbers and star radius, N˜ , R˜90, are defined in
Eq. (9). We fix λ = −1.
From Fig. 1, one can see that for the case of attractive self-interactions, there is a max-
imum particle number that boson stars can reach. The lower branch beneath the turning
point is unstable, which we represent in dashed curve. On the other hand, in the repulsive
case, the particle number continues to grow [29, 47, 48]. This result seems inconsistent with
the earlier numerical results of [40] with a turning point and an unstable branch for the
repulsive case as well. We will explain the origin of the discrepancy in Section III. But
before that, we discuss the stabilities of the solutions in the following subsection.
1. Stability of Boson Star Solutions
Boson stars result from different forces balancing against each other. When the self-
interaction is negligible, a boson star solution exists due to a balance between kinetic pressure
and gravity. If the self-interaction is non-negligible and is attractive, a star solution may arise
from kinetic pressure balancing against self-interaction as well as gravity. If the dominant
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FIG. 2: The shape of different possible wave functions at fixed N . The solid curve is
stable, while the dashed one is the ‘squeezed’ solutions and unstable. All the quantities
involved are in terms of the dimensionless variables defined in Eq. (9). Both curves are
solutions of the scalar model with an attractive self-interaction. We fix N˜ = 5 and λ = −1.
The upper (lower) curve has a radius of R˜90 = 1.2 (0.2).
self-interaction is repulsive, the star solution could be due to repulsion plus kinetic pressure
balancing against gravity.
The stability of a solution can be numerically verified by solving the time evolution of the
wave function. Stable solutions are those that do not decay away at t→∞, when we add a
small perturbation at t = t0, i.e. ψ(t0)→ ψ(x, t0) + δψ(x). Likewise, unstable solutions are
those wave functions that either collapse or blow up for very small perturbations, δψ(x)
ψ(x, t0). There is a difference in the asymptotic behaviors of the stable/unstable wave
functions. This is demonstrated in Fig. 2. From the figure, one can see that at large r, the
stable wave function falls off as e−r/R while the unstable wave function is more squeezed
with the asymptotic behavior ∼ 1/r.
To obtain an analytical understanding of the solution stability, we take the one variable
parametrized exponential ansatz:3
ψ(r) =
√
N
piR3
e−r/R, (12)
where R ≈ R90/2.66. Plugging the ansatz into Eq. (7), we find
Hkin = − 1
2m
∫
d3x ψ(r)∇2ψ(r) = N
2mR2
,
3 This ansatz does not satisfy the regularity condition ψ′(0) = 0. Yet it will not affect our discussion. One
can modify this ansatz a bit to preserve the regularity condition, e.g., change it to the linear-exponential
ansatz ψ(r) ∼ (1 + r/R)e−r/R. For comparison of different ansatzes, c.f. [29, 51, 52].
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Hint =
λ
4f 2
∫
d3x ψ(r)4 =
λN2
32pif 2R3
,
Hgrav = −Gm2
∫ ∞
0
(∫ r
0
ψ(r)2 4pir′2 dr′
)
1
r
ψ(r)2 4pir2 dr = −5GNm
2N2
16R
, (13)
and the full Hamiltonian is
H =
N
2mR2
∓ |λ|N
2
32pif 2R3
− 5GNm
2N2
16R
, (14)
where the upper (lower) sign in the second term corresponds to the attractive (repulsive)
case.
For the attractive case (λ < 0), at a given N , when R is large the gravity term dominates,
with H(R) ∼ 1/R ∼ 0; and when R is small the interaction term dominates, with H(R) ∼
−1/R3 ∼ −∞. In between the two limits, when there is a local minimum of the energy
at a finite R, there is a stable solution of the dark star. Given the two asymptotes, any
local minimum (the stable solution) is accompanied by a local maximum at a smaller R,
which corresponds to an unstable solution. When N increases, the local maximum moves
to larger R and the local minimum moves to smaller R. The limit in which the minimum
and maximum are degenerate corresponds to the maximum value of N , beyond which no
solutions are admitted. This is illustrated in the left panel of Figure 3.
On the other hand, for the repulsive |φ|4 interaction, the sign of the 1/R3 term is flipped.
As a result, at large R, we still have H(R) ∼ −1/R ∼ 0; however, at small R, H(R) ∼
1/R3 ∼ +∞. This setup always admits a local minimum but no local maximum, i.e., no
unstable branch. This is illustrated in the right panel of Figure 3. More detailed discussions
on the stability of boson stars can be found in [53–58].
C. Gravitational Waves from Binary Merger Systems
In light of detecting mergers of boson stars, we will briefly outline the basics of gravita-
tional waves emitted in binary merger events and the LIGO sensitivity band. During the
inspiral phase of the merger, the GW frequency can be expressed as
fGW =
√
M1 +M2
pi2`3
, (15)
where ` is the major semi-axis of the binary merger system, or equivalently the separation
of the two inspiral bodies (of masses M1 and M2) in the circularly inspiral case. When
10
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FIG. 3: Left: for the attractive self-interaction, (rescaled) Hamiltonian H˜ as a function of
the (rescaled) wave function width R˜. From N˜ = 9 to N˜ = 10, the local maximum moves
to the right and the local minimum moves to the left. At N˜ = 11, there is no local
minimum, so there is no stable dark star with this N˜ . Right: for the repulsive
self-interaction, (rescaled) Hamiltonian as a function of the (rescaled) wave function width
R˜. There is always a minimum (corresponding to a stable solution) at any N˜ .
the mass pair gets close to each other, the point mass approximation breaks down and the
inspiral phase ends. Assuming the two stars are of similar mass and size and following
the convention in Ref. [4], we define the innermost stable circular orbit (ISCO) radius as a
multiple of the star radius,
`ISCO = 6R, (16)
where we use R to denote the star radius. Plugging it back into Eq. (15), we obtain the GW
ISCO frequency
fISCO =
√
M1 +M2
pi2(6R)3
=
C3/2c3
2pi · 33/2GNM , (17)
where in the last equality we assume M = M1 = M2 for simplicity, and C = GNM/R
denotes the compactness of the stars. As fISCO can be taken as the peak frequency of the
merger spectrum, and LIGO has the best signal-to-noise (SNR) ratio within the frequency
band 50 Hz ∼ 1000 Hz, one has the best hope of observing mergers with 50 Hz . fISCO .
1000 Hz, which gives the sensitivity band of LIGO in the C −M plane.
Besides the peak sensitivity determined by fISCO, one also needs to consider the signal
strength. Taking the leading order approximation of the quadrupole radiation, the strain in
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frequency space is [59]
h˜(f) ≈
(√
5/24 G
5/6
N
pi2/3c3/2
)
M
5/6
c
f
7/6
GWDL
, (18)
where DL is the luminosity, and Mc is the chirp mass, defined as
Mc =
(M1M2)
3/5
(M1 +M2)1/5
. (19)
Experimentally, the accumulation of the signal on top of the detector noise is quantified by
the SNR, which is defined as
ρ2 ≈ 4
∫ fISCO
0
|h˜(f)|2
Sn(f)
df, (20)
where Sn(f) is the detector noise power spectral density [60]. We require ρ ≥ 8 for a possible
detection of the signal [61]. The detector noise and the sensitivity bands in the C−M plane
are shown in Fig. 4. This band will be used later in the paper to identify parameters of
pNGB models that can give rise to a detectable GW signal.
10 50 100 5001000 5000
5.×10-24
1.×10-23
5.×10-23
1.×10-22
f (Hz)
S
n
[Hz-1
/2 ]
0.0 0.1 0.2 0.3 0.4 0.5
0.1
0.5
1
5
10
50
100
C
M
[M ⊙]
DL < 100Mpc
DL < 250Mpc
DL < 450Mpc
FIG. 4: LIGO detector noise taken from Ref. [60] (left) and the sensitivity band in the
C −M plane (right). The gray band is obtained by demanding fISCO to be in the LIGO’s
best sensitivity range, 50 Hz ∼ 1000 Hz. The orange regions satisfy the detection criterion,
ρ > 8, for different ranges of luminosity distance DL.
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III. EFFECTS OF NONTRIVIAL CURVATURE, REVISITED
In this section, we will solve the full equation of motion in GR for scalar dark matter
with repulsive self-interaction, without making any approximations. We will see the GR
corrections to the solution of the Schro¨dinger-Newton equation discussed in the previous
section. It is known that scalar field theory in curved space-time is defined with certain
ambiguities, such as the coefficients of the Rφ2 and RµνρσR
µνρσφ2 terms, which vanish in the
flat space limit [62]. Nevertheless, we neglect such terms and follow the approach in [40].
We first review the main steps of the computations in [40] for the complex scalar field. The
Lagrangian of a complex scalar with a repulsive |φ|4 interaction reads
L = 1
2
gµν∇µφ∗∇νφ− 1
2
m2|φ|2 − λ
4
(
m2
f 2
)
|φ|4, (21)
where ∇ is the covariant derivative, and we use the (+,−,−,−) signature. Note that in
[40], the quartic interaction is simply written as λ|φ|4 while we use the parametrization in
Eq. (1) motived by particle physics considerations. This will not affect any computations
but make it clearer in the numerical computations for a given size of self-interaction, what
the corresponding energy scale in the UV completion of the scalar model is. The energy
momentum tensor is given by
T νµ =
δL
δ(∇νφ)∇µφ+
δL
δ(∇νφ∗)∇µφ
∗ − δνµL
=
1
2
gνν
′∇ν′φ∗∇µφ+ 1
2
gνν
′∇ν′φ∇µφ∗ − δνµ
(
1
2
gµ
′ν′∇µ′φ∗∇ν′φ− 1
2
m2|φ|2 − λ
4
(
m2
f 2
)
|φ|4
)
.
(22)
As before, we look for a boson star solution in a spherically symmetric metric:
ds2 = B(r)dt2 − A(r)dr2 − r2dθ2 − r2 sin2 θdφ2. (23)
The Einstein tensor Gνµ is diagonal, with the following non-zero components:
Gtt = −
A′(r)
rA(r)2
+
1
r2A(r)
− 1
r2
,
Grr =
B′(r)
rA(r)B(r)
+
1
r2A(r)
− 1
r2
,
Gθθ = −
A′(r)B′(r)
4A(r)2B(r)
− A
′(r)
2rA(r)2
+
B′′(r)
2A(r)B(r)
− B
′(r)2
4A(r)B(r)2
+
B′(r)
2rA(r)B(r)
,
Gφφ = −
A′(r)B′(r)
4A(r)2B(r)
− A
′(r)
2rA(r)2
+
B′′(r)
2A(r)B(r)
− B
′(r)2
4A(r)B(r)2
+
B′(r)
2rA(r)B(r)
. (24)
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Solving the tt and
r
r components of Einstein equation, we have
4piGN
B(r)
∂tφ∂tφ
∗ +
4piGN
A(r)
∂rφ∂rφ
∗ + 4piGNm2|φ|2 + 2GNpiλ
(
m2
f 2
)
|φ|4 − A
′(r)
rA(r)2
+
1
r2A(r)
− 1
r2
= 0,
4piGN
B(r)
∂tφ∂tφ
∗ +
4piGN
A(r)
∂rφ∂rφ
∗ − 4piGNm2|φ|2 − 2GNpiλ
(
m2
f 2
)
|φ|4 − B
′(r)
rA(r)B(r)
− 1
r2A(r)
+
1
r2
= 0.
(25)
It is noted that the twice contracted Bianchi identity, ∇µGµν = 0, is satisfied automatically.
One extra constraint comes from the scalar EOM, ∇µ∇µφ−m2φ− λm2f2 |φ|2φ = 0. Plugging
in the covariant derivative, we find
1
A
∂2rφ−
1
B
∂2t φ+ ∂rφ
(
B′(r)
2A(r)B(r)
− A
′(r)
2A(r)2
+
2
A(r)r
)
−m2φ− λ
(
m2
f 2
)
|φ|2φ = 0. (26)
Eqs. (25) and (26) together form the Einstein-Klein-Gordon system. To solve the system,
we adopt the harmonic ansatz
φ(r, t) = Φ(r)e−iµt (27)
and make the following rescalings:
r = r˜
(
1
m
)
, Φ = Φ˜ (4pi GN)
−1/2,
µ = µ˜ m, λ = λ˜ (4pi GNf
2), (28)
where the variables with tildes are dimensionless as before. Then the Einstein-Klein-Gordon
system becomes (
µ˜2
B
+ 1
)
Φ˜2 +
1
A
Φ˜′2 +
1
2
λ˜Φ˜4 − A
′
r˜A2
+
1
r˜2A
− 1
r˜2
= 0,(
µ˜2
B
− 1
)
Φ˜2 +
1
A
Φ˜′2 − 1
2
λ˜Φ˜4 − B
′
r˜AB
− 1
r˜2A
+
1
r˜2
= 0,
1
A
Φ˜′′ +
(
µ˜2
B
− 1
)
Φ˜ + Φ˜′
(
B′
2AB
− A
′
2A2
+
2
Ar˜
)
− λ˜Φ˜3 = 0, (29)
where the prime indicates a derivative with respect to r˜.
A. ADM Mass and Local Energy Density
We solve the equations using the shooting method with Mathematica, and verify the
solutions by collocation method4 using BVPSUITE [70, 71]. After obtaining the solution of
4 Please note that when using collocation method to solve this system, one encounters a so called singular
boundary value problem [63–67]. In order to solve such problems, the boundary condition needs to be
carefully prepared. Mathematically, it is proven that the shooting is not well suited for this kind of
problem as it does not guarantee a unique solution [68, 69].
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Φ, one can easily compute the boson star profiles, such as mass, radius and compactness.
The boson star mass is given by the ADM mass, which is defined asymptotically at spatial
infinity
M =
1
2GN
lim
r→∞
(
1− 1
A(r)
)
r. (30)
Using Eq. (29), one can show that this is equivalent to
M =
∫ ∞
0
dr 4pir2 T 00 , (31)
with the 00-th component of the energy-momentum tensor given by
T 00 =
δL
δ∂0φ
∂0φ− L
=
µ2
2B
Φ2 +
1
2
m2Φ2 +
1
2A
(∂rΦ)
2 +
λ
4
(
m2
f 2
)
Φ4 (32)
A general review of ADM formalism can be found in [72].
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FIG. 5: A few benchmarks solutions of the grr component, A(r˜), as a function of the
dimensionless variable r˜. We fix f = 5× 1017 GeV, with φ˜(0) = 0.2, 0.15, 0.1, from top to
bottom.
Note that the ADM mass can not be interpreted simply as a volume integration of energy
density. In curved space, the proper volume integration should include the induced spatial
metric: ∫ ∞
0
dV
√−gind T 00 =
∫ ∞
0
dr
√
A(r) 4pir2 T 00 (33)
In the weak gravity limit, i.e., A(r) ≈ B(r) ≈ 1, the volume integration above is approxi-
mately the ADM mass. Yet numerically, we observe that A(r) may deviate significantly from
1, as shown in Fig. 5. The two integrations may differ by ∼ 15% or more. An explanation
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is that the difference between the two integrations is the gravitational binding energy inside
the star [73].
B. Curvature Effect on Boson Star Mass Profile
We fix λ and m and vary f to change the strength of the quartic coupling. For different
f , we compute the compactness and mass of the solutions to Eq. (29), which is presented in
Fig. 6. From it, one can see that for each repulsive quartic coupling, there are two branches
of solutions with a turning point at the maximum mass with roughly a common compactness:
Mmax ≈ 3M
√
λ
(
1017 GeV
f
)(
10−10 eV
m
)
, (34)
Cmax ≈ 0.16. (35)
Based on dimensional analysis, Mmax ∼M2pl/m. Mmax is also proportional to the square root
of the scalar’s self-coupling. Since we parametrize the self-coupling as λm2/f 2 (motivated
by identifying the scalar as a pNGB), Mmax ∝ 1/f . The branch to the left of the turning
point is stable while the right branch is unstable.
To demonstrate the difference between the GR solution and the NR flat space solution
presented in Fig. 1, we also present the numerical results in the rescaled particle number
and R90 plane in Fig. 7. Again we observe that in GR, there are two branches of solutions
for fixed repulsive quartic interaction and there exists a maximal particle number beyond
which there is no stable star solution. This is clearly different from the solution in the NR
flat space limit, which extend to arbitrarily large particle number.
To see where the turning point comes from, we will work in the weak gravity limit but
keep the leading order perturbation, V (r), to the flat-space metric
ds2 = −(1 + 2V (r))dt2 + (1− 2V (r))dr2 + r2dθ2 + r2 sin2 θdφ2, (36)
We adopt the following set of ansatz,
Φ(r) =
√
N
pimR3
e−r/R,
V (r) = −GNM(r)
r
. (37)
M(r) is defined as follows:
M(r) ≡
∫ r
0
T 00 4pir
′2dr′ =
∫ r
0
m2Φ2(r) 4pir′2dr′, (38)
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FIG. 6: Contours of boson star solutions from the |φ|4 theory in the C −M plane. The
shaded regions are the same as presented in Fig. 4 of Section II C. The gray shaded region
corresponds to fISCO in the LIGO sensitivity band, and the orange regions have SNR
above the detection threshold for different ranges of luminosity distance. All of the three
benchmark curves are generated for m = 10−10 eV and λ = 1. Each curve is labeled by
f/(1016 GeV). The turning points that correspond to the maximal mass are marked with a
dot.
which is the mass enclosed within the sphere of radius r. Since T 00 ≈ m2Φ2 up to corrections
of higher order in V and M(r) appears in V , we drop higher order terms in defining M .
Plugging Eq. (37) into M(r), we have
V (r) = −GNm
2
r
∫ r
0
Φ(r′)24pir′2 dr′
= −GNmN
r
(
1− e−2r/R
(
1 +
2r
R
+
2r2
R2
))
. (39)
The set of ansatz matches the asymptotes of the numerical solutions but deviates at small
r.
Applying the ansatz into the energy density in Eq. (32) and carrying out the volume
integration, we find that the first two terms in T 00 contribute
Hmass +Hgrav =
∫ ∞
0
(
µ2
2B
Φ2 +
m2
2
Φ2
)
4pir2 dr
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Flat space
GR, f= 5 × 1017 GeV
GR, f= 2.5 × 1017 GeV
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FIG. 7: Comparison between the NR flat space solution (dotted blue) and the GR solution
for the repulsive quartic interaction, f = 5× 1017 GeV (thick orange), and 2.5× 1017 GeV
(thin green). We fix the scalar mass and λ to be the same. The dimensionless variables are
defined in Eq. (9). They are chosen such that they are scale independent in the NR flat
space solution.
=
∫ ∞
0
(
(1− 2V )µ
2
2
Φ2 +
m2
2
Φ2
)
4pir2 dr
= mN − 5GNm
2N2
16R
. (40)
The first term is simply the rest mass of N scalars with mass m while the second term is
the gravitational potential energy, matching the result in the flat space limit in Eq. (13).
In the derivation above, we consider the leading order gravitational correction to µ2 and
parametrize it as
µ2 = m2
(
1− αGNmN
R
)
, (41)
where α = 5/4 to reproduce the gravitational potential energy in Eq. (13). Numerically we
observe that the deviation of µ2/m2 from 1 is anti-correlated with GNmN/R ∝ C and is
roughly the same. Higher order corrections are of order O(G2Nm2N2/R2).
The kinetic energy in the curved space, (∂rΦ)
2/(2A) contributes
Hkin =
∫ ∞
0
1
2A
(∂rΦ)
2 4pir2dr =
N
2mR2
− 5GNN
2
16R3
. (42)
The first term is the same as the kinetic energy term in the flat space in Eq. (13). The extra
term is due to non-trivial spatial curvature and is ∝ −1/R3 and is absent in Eq. (13).
Lastly, the interaction energy with the ansatz gives
Hint =
∫ ∞
0
λ
4
(
m2
f 2
)
Φ(r)44pir2 dr =
λN2
32pif 2R3
. (43)
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Note that the Hint above is for complex scalars. For real scalars, with the fast oscillation
modes neglected, the interaction term can be obtained by replacing Φ4 with 3Φ4/2, which
matches exactly with the NR result in Eq (13).
Putting everything together, in the repulsive Φ4 theory, the Hamiltonian of the dark star
reads,
M(R) = Hmass +Hkin +Hgrav +Hint
= mN +
N
2mR2
− 5GNm
2N2
16R
+
(
λ
32pif 2
−5GN
16
)
N2
R3
(44)
Compared to the result in the flat space limit in Eq. (14), the additional term ∝ −5GN/16
can flip the sign of 1/R3 when the repulsive self-interaction is not large. If the sign of the
1/R3 term is negative, stable solutions are always accompanied with unstable ones, following
the same argument for attractive self-interaction in Sec. II B 1. There is an allowed maximum
particle number, hence boson star mass, when these two branches meet. This feature origi-
nates from the nontrivial curvature of the background space, which the Schro¨dinger-Newton
equation fails to capture.
We can also do a rough estimate of the maximal compactness for the repulsive boson
star. When 1/R3 term is negative, solving ∂H/∂R = 0, we find two solutions, one stable
at R = R1, and one unstable at R = R2, with R2 < R1. Requiring the two solutions to be
degenerate, we get the maximum boson star mass. This happens at
R1 = R2 ≡ R0 = 8
5GNm3N
. (45)
The corresponding particle number is
N2max =
256pif 2
300piG2Nm
4f 2 − 30GNm4λ. (46)
This gives the maximal compactness:
Cmax =
GNM90
R90
=
GNm(0.9Nmax)
2.66R0
≈ 0.18, (47)
in the limit of large f . We have used the fact that R90 is 2.66R0 given the exponential ansatz
of the wave function. This is consistent with the numerical result in Eq. (35).
The analytic derivation based on ansatz here should only be taken as a heuristic argument
to shed some light on the origin of the maximum compactness. Even in this crude argument,
when 10piGNf
2 < λ or equivalently f ∼ 1017 GeV when λ ∼ O(1), the curvature correction
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cannot be as important as the self-interaction and flip the sign of 1/R3 term. In addition,
our whole argument is based on another ansatz, the single harmonic ansatz in Eq. (27). One
might wonder whether for larger repulsion with smaller f , the turning point disappears.
Our numerical solver no longer works when λ˜ is as large as O(104) since the system becomes
highly non-linear. Thus it remains an open question what happens when the repulsive self-
interaction is large and whether there are stable dark stable solution with larger compactness.
We leave this question for future work. For a different treatment using hydrodynamic
approach, see [49].
IV. REALISTIC LIGHT SCALAR DM MODEL
For bosons to behave collectively and form a BEC, the occupancy number of the scalars
has to be much larger than 1. This is equivalent to requiring the de Broglie wavelength
2pi/(mv) to be greater than the inter-particle separation (m/ρ)1/3. Taking the average dark
matter density in the Milky Way, this gives an upper bound on the scalar mass m . 1 eV.5
To avoid large scale structure constraints, the scalar cannot be too light either. Its de Broglie
wavelength has to be at most comparable to the size of a dwarf galaxy 2pi/(mv) . 1 kpc,
leading to a lower bound on the scalar mass m & 5× 10−23 eV. Thus we only consider very
light scalars in the mass range from 10−23 eV to 1 eV.
In a more realistic particle physics model, the radiative stability of the mass needs to
be addressed for such light scalars. One way is to identify the scalar as a weakly-coupled
pNGB and protect its mass by an approximate shift symmetry.6 The scalar mass is an order
parameter for the explicit breaking of the associated UV symmetry and the potential is more
complicated than the |φ|4 model. In the following, we illustrate this with a concrete model
and show the corresponding boson star solutions.
A. A pNGB Model with a Repulsive |φ|4 Interaction
In general, it is demonstrated in [50] that it is non-trivial to construct a pNGB model
with repulsive self-interaction in the NR limit. For example, for the classic QCD axion
5 This upper bound is crude and could be relaxed if the initial density is much larger when the light scalars
start to clump.
6 Another possibility is that the light scalar is a composite object such as a glueball inside a low-scale
confining hidden sector [74].
20
model, taking the phenomenological potential and expanding it around the minimum,
V (φ) = Λ4
(
1− cos
(
φ
f
))
=
Λ4
2f 2
φ2 − 1
4!
Λ4
f 4
φ4 + ...
=
m2
2
φ2 − 1
4!
m2
f 2
φ4 + ... (48)
one finds that the leading order quartic interaction is attractive. In general, for an axion-like
particle from breaking of a compact symmetry and with a single trigonometric potential, the
leading interaction term is always attractive. Yet there is no no-go theorem. One concrete
example of a pNGB with leading repulsive self-interaction is a 5D gauged U(1) theory with
the fifth dimension compactified on a circle [50]. The pNGB is the gauge invariant Wilson
loop of the fifth component of the gauge field. It obtains a one-loop effective potential from
5D charged matter. This example serves as a concrete UV completed particle physics model
for us to compute the boson star solution. The complication is that in this model, the pNGB
is real. Ignoring the fast oscillation modes, the procedure to find a boson star solution is very
similar mathematically for both real and complex scalars. Yet the relativistic star from real
scalars could be cosmologically unstable due to particle number changing process such as the
3→ 1 process [75].7 Thus the relativistic stars may not have any observational consequences.
Nevertheless, one can still find boson star solutions by solving equation of motion and we
will present the results in Appendix 1. One can see that the boson star solutions can be
very different when solving a full cosine potential, compared to only keeping the leading
interaction.
Below, to avoid the lifetime complication, we take a phenomenological complex scalar
potential, different from the |φ|4 model
V (|φ|) = 1
2
m2|φ|2 + 1
2Q2
m2f 2
[
1− cos
(
Q|φ|2
f 2
)]
, (49)
where Q is a dimensionless variable that parametrizes a family of the cosine potentials,
which all have the same |φ|4 interaction when one expands the potential around φ = 0. This
model is again motivated by identifying the scalar as a pNGB. If the associated symmetry
is compact, the pNGB’s potential can be a single cosine function (or a combination of
oscillatory terms), with the dimensionless quantities in the potential determined by the
parameters in the underlying particle physics models. We do not intend to construct a full
7 Estimate of the boson star lifetime taking into account of gravity and the non-linear effects requires
simulations analogous to that for QCD axion [76], which is beyond the scope of the paper.
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model for a complex pNGB here, which would be an exercise similar to the composite Higgs
scenarios.
B. Numerical Star Solution of the Cosine Potential
The boson star solutions of the complex scalar theory with the cosine potential in Eq. (49)
in the rescaled particle number and star radius plane are presented in Fig. 8. In the same
figure, we also present the star solutions from the simple |φ|4 potential. We choose the
two potentials to agree at the order |φ|4 in the expansion of the cosine. It is observed that
when f decreases, higher-order interaction terms become more important and can lead to
different phase diagrams for these two different potentials. One technical note is that when
higher-order terms are important, the equation of motion becomes more non-linear and
it becomes increasingly difficult to find a solution. In our study, we push our differential
equation solver to the boundary of the parameter space in which it works reliably. We also
present the solutions in the star mass and compactness plane in Fig. 9 and show the results
from |φ|4 theory for comparison as well.
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FIG. 8: Comparison of the radius and particle number between |φ|4 potential and the
cosine potential in Eq. (49). We have chosen f = 1016 GeV and Q = 5 as a benchmark.
The coefficient of the |φ|4 interaction is chosen to match the leading term in the cosine
potential. This dimensionless variable R˜ and N˜ scales with 1/m and 1/m2 respectively.
In producing Fig. 8, it is observed that the solutions to the cosine potential reaches a
maximal particle number when the nonlinear effect becomes significant, i.e., the argument in
the cos potential becomes an order one number. After that, the particle number decreases.
This is quite different from the predictions of the |φ|4 theory. Note that the difference may
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become bigger when f is lower and the scalar self-interaction becomes stronger, or when
the charge Q is larger, which does not affect the leading |φ|4 expansion. For a fixed f
(equivalently fixed quartic interaction), the maximum mass and compactness shrinks in the
pNGB model with the cosine potential as shown in Fig. 9. The reason for the decreasing
compactness is that the sub-leading |φ|8 interaction in the cosine potential in Eq. (49) is
attractive. In particular, there is no longer a common maximum compactness for cosine
potentials with different sizes of self-interactions (i.e., different f ’s), in contrast to the |φ|4
potential.
This also restricts the allowed range of scalar self-interaction that can give rise to sizable
boson stars, whose binary mergers can be detected. As shown in Fig. 9, for a 10−9 eV
pNGB with a cosine potential, when the self-interaction increases or equivalently the decay
constant decreases to about f . 1016 GeV, the star with the maximum compactness falls
out of the LIGO most sensitive frequency band. On the other hand, if one only assumes
the leading |φ|4 interaction, a decay constant f ∼ 1016 GeV can still give rise to detectable
boson star mergers.
V. CONCLUSIONS AND OUTLOOK
In this article, we focus on boson stars constituting light scalar dark matter with re-
pulsive self-interactions. We find spherically symmetric ground state solutions for both the
Schro¨dinger-Newton equations and the full Klein-Gordon-Einstein equations without ap-
proximations. Curiously there is no upper bound on the star mass when using the former
set of equations, while one finds a maximum mass and compactness beyond which the star
solutions are no longer stable under perturbations solving the latter set of equations with
weak repulsion. We use a set of ansatz and give a heuristic argument for the origin of the
turning point between the stable and unstable branches of solutions: for weak repulsion,
the back-reaction of the curvature on the scalar system can not be ignored, and can balance
against the self-repulsion. We also point out that when one tries to build a more realistic
model of very light scalar dark matter in which the mass is protected from quantum correc-
tions by an approximate shift symmetry, the scalar potential is usually significantly more
complicated than the widely used |φ|4 potential. For example, for repulsive quartic inter-
actions, such a potential will have cosine terms. Using the full potential, the higher-order
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FIG. 9: The compactness and mass profiles of boson stars for the cosine potential model
(solid) and the |φ|4 model (dashed) for f = 1016 GeV, m = 10−9 eV. The cosine potential
is shown in Eq. (49) with Q = 5 as a benchmark point. The |φ|4 interaction is chosen to
match the leading term in the expansion of the cosine potential. The end point of the
curve happens when the phase of the potential is of order one. The shape is due to the
stiffness of the numerical system during the transition and finite resolution between
neighbor points. After crossing the stiff region, the solution is verified to be numerically
stable. The shaded region corresponds to fISCO falling into the LIGO sensitivity band, and
the orange regions are the luminosity distance of such mergers in order to have SNR above
the detection threshold. See Section II C for details.
interactions are not negligible and the properties of the boson star are very different, which
also changes the prospect of GW detection at interferometer experiments.
There are quite a few interesting open questions along this direction:
• What is the maximum compactness of a boson star? Mergers of more compact stars
have better detection prospects through GW probes at interferometer experiments
such as LIGO. Assuming only the |φ|4 interaction, the maximum compactness of a
spherically symmetric stable star is 0.16. In a more realistic pNGB model, the maxi-
mum compactness shrinks, however. It has been noted that for a double-well potential,
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the maximum compactness can be as large as 0.33 [46]. It would be worthwhile to
explore whether there are particle physics models with protected small scalar mass
and potential well approximated by the double-well potential. Another possibility is
explore an excited star with a non-zero angular momentum [77, 78].
• What happens if the self-repulsion increases? In solving the Klein-Gordon-Einstein
equation, we are restricted to relatively weak repulsion. When the repulsive self-
interaction becomes strong, the system becomes highly non-linear and it is challenging
to find stable solutions. It would be interesting to see whether there are qualitative
changes in the profiles of the star solutions when the self-interaction strength increases.
• How do boson stars form? How do they evolve? We are agnostic about the dynamical
evolution of the stars in the study. Will there be interesting signals from the collapse
of unstable stars?
Eventually we hope to map the macroscopic physics GW probes such as the mass and
compactness of the merging object to the microscopic fundamental physics, such as the
mass and decay constant of a light ALP.
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1. A Real Scalar Model and Its Boson Star Solution
In this section, we will demonstrate that in a real scalar pNGB model, the boson star
solution can be potentially very different using a full cosine potential, compared to using the
leading φ4 truncation. One UV completed model of a real pNGB with leading self-interaction
being repulsive is a 5D gauged U(1) theory with the fifth dimension compactified on a circle.
The pNGB is the gauge invariant Wilson loop of the fifth component of the gauge field. It
obtains a one-loop effective potential from 5D charged matter, e.g., nB bosons and nF
fermions. We refer the readers to Ref. [50] for details and only quote the 4D effective
potential of the pNGB below
V (φ) ⊃ Λ4
(
nB∑
i=1
cos
(
qBiφ
f
)
−
nF∑
i=1
cos
(
qFiφ
f
))
, (50)
where qBi (qFi) is the charge of the ith boson (fermion); Λ and f are two dimensionful
parameters determined by the underlying 5D dynamics. To obtain the potential, we have
assumed equal masses of all the charged matter for simplicity. Expanding the potential
around the (local) minimum φ = 0, we have
V (φ) = Λ4
[
1
2
(
−
∑
q2Bi +
∑
q2Fi
) φ2
f 2
+
1
4!
(∑
q4B1 −
∑
q4Fi
) φ4
f 4
+ ...
]
=
1
2
m2φ2 +
λ
4!
m2
f 2
φ4 + ... (51)
with
m2 = Q2
(
Λ4
f 2
)
,
λ =
Q4
Q2
, (52)
where Q2 = −
∑
q2Bi +
∑
q2Fi, and Q4 =
∑
q4Bi −
∑
q4Fi. The interaction size is controlled
by the decay constant f , and the sign is determined by the charge ratio Q4/Q2. To get a
positive mass and a repulsive interaction, the charge assignment has to satisfy∑
q2Bi <
∑
q2Fi,∑
q4Bi >
∑
q4Fi. (53)
These inequalities are satisfied in some small corners of the charge space, for instance,
qF1 = 0.74, qF2 = 0.9, qB1 = 0.5, qB2 = 1 in a model with two bosons and two fermions. Note
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FIG. 10: The compactness and mass profiles of boson stars in the pNGB model with a
cosine potential (solid) and φ4 model (dashed) for three different f ’s. All of the benchmark
curves are generated with m = 10−10 eV. Each curve is labeled by f/(1016 GeV). The
cosine potential is in Eq. (50) with qF1 = 0.74, qF2 = 0.9, qB1 = 0.5, qB2 = 1, and the φ
4
interaction is chosen to match the leading term in the expansion of the cosine potential.
that the quantized charges have to be integer multiples of a unit charge and the non-integer
assignment here can be rescaled to be a set of integers. Solving the equation of motion in
GR numerically, we observe that the boson star solutions from the full potential are quite
different from those from the truncation up to φ4 in the mass profile. A few benchmark
points are shown in Fig. 10.
In finding the solution, we again use the single harmonic ansatz and write the real scalar
as a sum of two complex scalars φ(r, t) = (ψ(r, t) + ψ(r, t)∗)/
√
2, where ψ(r, t) = ψ(r)e−imt.
Note that ∫ tf
t0
dt cosφ =
∫ tf
t0
dt
(∑
m=0
(−1)m
(2m)!
φ2m
)
=
∫ tf
t0
dt
(∑
m=0
(−1)m
(2m)!
Cm2m
( |ψ|√
2
)2m
+ (fast mode)
)
≈
∑
m=0
(−1)m
(m!)2
(
ψ(r)√
2
)2m
× (tf − t0)
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= J0(
√
2ψ(r))× (tf − t0), (54)
where Cm2m is the binomial coefficient and J0 is the Bessel function of the first kind. This
relation allows us to map (the time average of) a real scalar theory with a cosine potential
to a complex scalar theory with a J0(ψ) potential, assuming we only take into account the
slow oscillation modes. As is known in the literature of boson stars, this approximation may
lead to inaccurate results in the relativistic regime. It is still an open problem how to take
into account of the fast oscillation modes in finding the boson star solutions numerically.
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